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a b s t r a c t
An extension to the fuzzy multiple criteria decision making (MCDM) model is suggested
in this work, where the ratings of alternatives versus criteria, and the importance weights
of all criteria, are assessed in linguistic values represented by fuzzy numbers. Moreover,
values of alternatives under objective criteria are normalized by a suggested approach.
Meanwhile, themembership function of the final fuzzy evaluation value of each alternative
can be developed. In addition, a Riemann integral based mean of removals is suggested
to rank all the final fuzzy evaluation values for final decision making, so that the ranking
procedure can be clearly formulated. Finally, a numerical example demonstrates the
feasibility of the proposed model.
© 2008 Elsevier Ltd. All rights reserved.
1. Background
Fuzzy set theory, initially proposed by Zadeh [1], has been extensively applied to objectively reflect the ambiguities in
human judgment and effectively resolve the uncertainties in the available information in an ill-defined multiple criteria
decision making environment.
A fuzzy MCDM model is used to assess alternatives versus selected criteria through a committee of decision makers,
where suitability of alternatives versus criteria, and the importance weights of criteria, can be evaluated in linguistic values
represented by fuzzy numbers [2]. Numerous approaches have been proposed to solve fuzzy MCDM problems. A review
and comparison of many of these methods can be found in Chen and Huang [2], Carlsson and Fuller [3], Ribeiro [4] and
Triantaphyllou and Lin [5]. Some recent applications can be found in [6–17]. In most fuzzy MCDM problems, the final
evaluation values of alternatives are still fuzzy numbers, and these fuzzy numbers need a proper ranking approach to
defuzzify them into crisp values for decision making. However, despite the merits, most of the above papers cannot present
membership functions for the final fuzzy evaluation values, nor can they clearly develop defuzzification formulae from the
membership functions of the final fuzzy evaluation values, limiting the applicability of the fuzzy MCDMmethods available.
To resolve the above problems, this work suggests a Riemann integral based mean of removals approach to solving
the fuzzy MCDM model. Many fuzzy number ranking methods have been studied. A comparison of many of these ranking
methods can be found in Bortolan and Degani [18], Chen and Huang [2], Cheng [19] and Wang and Kerre [20]. Some recent
approaches can be seen in [21–26]. However, in spite of the merits, some of these methods are computationally complex
and difficult to implement, and none of them can satisfactorily rank fuzzy numbers in all situations and cases. Herein, the
ranking approach of the mean of removals from Kaufmann and Gupta [27] is applied for defuzzification due to its simplicity
of implementation and intuitiveness in discriminating fuzzy numbers.
In the proposedmodel, criteria are classified to subjective and objective ones. Subjective criteria usually have qualitative
definitions and objective criteria are usually defined in numerical terms. The ratings of alternatives versus subjective criteria,
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and the importance weights of all criteria, are assessed in linguistic values [28] represented by triangular fuzzy numbers.
The values of alternatives under objective criteria are normalized into a comparable scale through a suggested method [29]
for calculation rationale. This method preserves the property in which the ranges of normalized triangular fuzzy numbers
belong to [0, 1]. Themembership function of the final fuzzy evaluation value of each alternative is developed through interval
arithmetic and α-cuts of fuzzy numbers [30]. The Riemann integral based mean of removals is then applied to defuzzify all
the final fuzzy evaluation values for decision making. The defuzzification procedure can be clearly presented and formulae
can be developed. Finally, a numerical example demonstrates the computational process of the proposed model.
2. Fuzzy sets theory
2.1. Fuzzy sets
A = {(x, fA (x)) |x ∈ U}
where U is the universe of discourse, x is an element in U, A is a fuzzy set in U , fA (x) is the membership function of A at
x [27]. The larger fA (x), the stronger the grade of membership for x in A.
2.2. Fuzzy numbers
A real fuzzy number A is described as any fuzzy subset of the real line R with membership function fA which possesses
the following properties [31]:
(a) fA is a continuous mapping from R to [0, 1];
(b) fA (x) = 0,∀x ∈ (−∞, a];
(c) fA is strictly increasing on [a, b];
(d) fA (x) = 1, x ∈ [b, c];
(e) fA is strictly decreasing on [c, d];
(f) fA (x) = 0,∀x ∈ [d,∞);
where a ≤ b ≤ c ≤ d, A can be denoted as [a, b, c, d]. The membership function fA of the fuzzy number A can also be
expressed as:
fA (x) =

f LA (x) , a ≤ x ≤ b
1, b ≤ x ≤ c
f RA (x) , c ≤ x ≤ d
0, otherwise
where f LA (x) and f
R
A (x) are left and right membership functions of A, respectively. A fuzzy triangular number can be denoted
as (a, b, c) [32].
2.3. α-cuts
The α-cuts of fuzzy number A can be defined as:
Aα = {x|fA (x) ≥ α} , α ∈ [0, 1]
where Aα is a non-empty bounded closed interval contained in R and can be denoted by Aα = [Aαl , Aαu ], where Aαl and Aαu
are its lower and upper bounds, respectively [27].
2.4. Arithmetic operations on fuzzy numbers
Given fuzzy numbers A and B, A, B ∈ R+, the α-cuts of A and B are Aα = [Aαl , Aαu ] and Bα = [Bαl , Bαu ], respectively. By the
interval arithmetic, some main operations of A and B can be expressed as follows [27]:
(A⊕ B)α = [Aαl + Bαl , Aαu + Bαu ] (1)
(A	 B)α = [Aαl − Bαu , Aαu − Bαl ] (2)
(A⊗ B)α = [Aαl · Bαl , Aαu · Bαu ] (3)
(A B)α = [Aαl /Bαu , Aαu/Bαl ] (4)
(A⊗ r)α = [Aαl · r, Aαu · r] , r ∈ R+. (5)
2.5. Linguistic values
A linguistic variable is a variable whose values are expressed in linguistic terms. The linguistic variable is a very
helpful concept for dealing with situations which are too complex or not well-defined enough to be reasonably described
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by traditional quantitative expressions [28]. For example, ‘‘importance’’ is a linguistic variable whose values include VL
(very low), Low (low), M (medium), H (high) and VH (very high). These linguistic values can be further represented by
triangular fuzzy numbers such as VL = (0, 0.1, 0.3), L = (0.1, 0.3, 0.5),M = (0.3, 0.5, 0.7),H = (0.5, 0.7, 0.9) and
VH = (0.7, 0.9, 1).
3. Model establishment
A fuzzy multiple criteria decision making model is developed by the following procedure.
3.1. Average ratings of alternatives versus subjective criteria
Assume that a committee of k decision-makers (Dt , t = 1–k) is responsible for evaluating m alternatives (Ai, i = 1–m)
under h subjective criteria (Cj, j = 1–h). Let rijt =
(
eijt , fijt , gijt
)
, rijt ∈ R+, i = 1, 2, . . . ,m, j = 1, 2, . . . , h, t = 1, 2, . . . , k.
rij =
(
1
k
)
⊗ (rij1 ⊕ · · · ⊕ rijt ⊕ rijk) (6)
where eij =∑kt=1 eijtk , fij =∑kt=1 fijtk , gij =∑kt=1 gijtk , rijt be the rating assigned to Ai by Dt for Cj. rij is the averaged rating of
Ai under Cj.
3.2. Normalize performance of alternatives versus objective criteria
In this work, objective criteria can be classified to benefit (B) and cost (C). Benefit criterion has the characteristics: the
larger the better. The cost criterion has the characteristics: the smaller the better. Values under both benefit and cost criteria,
can be either crisp or fuzzy. Values under objective criteria may have different units and thus must be normalized into a
comparable scale for calculation rationale. Herein, the normalization is completed by a suggested approach [29], which
preserves the property where the ranges of normalized triangular fuzzy numbers belong to [0, 1]. Suppose xij =
(
aij, bij, cij
)
is the performance of alternative i versus objective criterion j, the normalized value rij can be denoted as:
rij =
(
aij − a∗j
d∗j
,
bij − a∗j
d∗j
,
cij − a∗j
d∗j
)
, j ∈ B (7)
rij =
(
c∗j − cij
d∗j
,
c∗j − bij
d∗j
,
c∗j − aij
d∗j
)
, j ∈ C (8)
where a∗j = mini aij, c∗j = maxi cij, d∗j = c∗j − a∗j , i = 1–m, j = (h+ 1)–n.
3.3. Average weights
Letwjt =
(
ojt , pjt , qjt
)
,wjt ∈ R+, j = 1, 2, . . . , n; t = 1, 2, . . . , k,
wj =
(
1
k
)
⊗ (wj1 ⊕ wj2 ⊕ · · · ⊕ wjk) (9)
where oj = ∑kt=1 ojtk , pj = ∑kt=1 pjtk , qj = ∑kt=1 qjtk , wjt be the weight assigned by Dt to Cj. wj is the averaged weight of Cj
assessed by k decision-makers.
3.4. Aggregate the weighted ratings
The aggregation of weighted ratings, Gi, for each alternative is implemented by the concept of simple additive weighting
as:
Gi =
(
1
n
)
× [Ri1 + Ri2 + · · · + Rit + · · · + Rij] (10)
where Rij = rij × wj, i = 1, 2, . . . ,m, j = 1, 2, . . . , n.
The membership function for Gi can be developed as follows:
Gαi =
(
1
n
) n∑
j=1
Rαij =
(
1
n
) n∑
j=1
(
rij × wj
)α = (1
n
)( n∑
j=1
rαij ×
n∑
j=1
wαj
)
. (11)
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Let
(
eij, fij, gij
) =

(
aij − a∗j
d∗j
,
bij − a∗j
d∗j
,
cij − a∗j
d∗j
)
, j ∈ B,(
c∗j − cij
d∗j
,
c∗j − bij
d∗j
,
c∗j − aij
d∗j
)
, j ∈ C .
(12)
rαij =
[(
fij − eij
)
α + eij,
(
fij − gij
)
α + gij
]
(13)
wαj =
[(
pj − oj
)
α + oj,
(
pj − qj
)
α + qj
]
(14)
rαij ⊗ wαj =
[(
fij − eij
) (
pj − oj
)
α2 + [eij (pj − oj)+ oj (fij − eij)]α + eijoj, (fij − gij) (pj − qj)α2
+ [gij (pj − qj)+ qj (fij − gij)]α + gijqj] . (15)
The final fuzzy evaluation values can be developed via arithmetic operation of fuzzy numbers as [30]:
Gαi =
(
1
n
) n∑
j=1
rαij ⊗ wαj
=
[
1
n
n∑
j=1
(
fij − eij
) (
pj − oj
)
α2 + 1
n
n∑
j=1
[
eij
(
pj − oj
)+ oj (fij − eij)]α + 1n
n∑
j=1
eijoj,
1
n
n∑
j=1
(
fij − gij
) (
pj − qj
)
α2 + 1
n
n∑
j=1
[
gij
(
pj − qj
)+ qj (fij − gij)]α + 1n
n∑
j=1
gijqj
]
. (16)
Two equations to solve, namely:
1
n
n∑
j=1
(
fij − eij
) (
pj − oj
)
α2 + 1
n
n∑
j=1
[
eij
(
pj − oj
)+ oj (fij − eij)]α + 1n
n∑
j=1
eijoj − x = 0 (17)
1
n
n∑
j=1
(
fij − gij
) (
pj − qj
)
α2 + 1
n
n∑
j=1
[
gij
(
pj − qj
)+ qj (fij − gij)]α + 1n
n∑
j=1
gijqj − x = 0. (18)
Let
Ii1 = 1n
n∑
j=1
(
fij − eij
) (
pj − oj
)
, Ji1 = 1n
n∑
j=1
[
eij
(
pj − oj
)+ oj (fij − eij)] ,
Ii2 = 1n
n∑
j=1
(
fij − gij
) (
pj − qj
)
, Ji2 = 1n
n∑
j=1
[
gij
(
pj − qj
)+ qj (fij − gij)] ,
Qi = 1n
n∑
j=1
eijoj, Yi = 1n
n∑
j=1
fijpj, Zi = 1n
n∑
j=1
gijqj.
Eqs. (17) and (18) can then be expressed as:
Ii1α2 + Ji1α + Qi − x = 0 (19)
Ii2α2 + Ji2α + Zi − x = 0. (20)
The left and right membership functions f LGi (x) and f
R
Gi (x) of Gi can thus be produced as:
f LGi (x) =
{
−Ji1 +
[
J2i1 + 4Ii1 (x− Qi)
]1/2}
/2Ii1, Qi ≤ x ≤ Yi, (21)
f RGi (x) =
{
−Ji2 −
[
J2i2 + 4Ii2 (x− Zi)
]1/2}
/2Ii2, Yi ≤ x ≤ Zi. (22)
Proposition 1. In Eq. (21), Yi − Qi = Ii1 + Ji1.
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Proof.
Ii1 + Ji1 = 1n
n∑
j=1
(
fij − eij
) (
pj − oj
)+ 1
n
n∑
j=1
[
eij
(
pj − oj
)+ oj (fij − eij)]
= 1
n
n∑
j=1
(
fijpj − eijpj − fijoj + eijoj
)+ 1
n
n∑
j=1
(
eijpj − eijoj + fijoj − eijoj
)
= 1
n
n∑
j=1
fijpj − 1n
n∑
j=1
eijpj − 1n
n∑
j=1
fif oj + 1n
n∑
j=1
eijoj + 1n
n∑
j=1
eijpj − 1n
n∑
j=1
eijoj + 1n
n∑
j=1
fijoj − 1n
n∑
j=1
eijoj
= 1
n
n∑
j=1
fijpj − 1n
n∑
j=1
eijoj = Yi − Qi. 
Lemma 1. f LGi (x) = 1 when x = Yi.
Proof.
f LGi (x) =
{
−Ji1 +
[
J2i1 + 4Ii1 (x− Qi)
]1/2}
/2Ii1
=
{
−Ji1 +
[
J2i1 + 4Ii1 (Yi − Qi)
]1/2}
/2Ii1 (∵ x = Yi)
=
{
−Ji1 +
[
J2i1 + 4Ii1 (Ii1 + Ji1)
]1/2}
/2Ii1 (Proposition 1)
=
{
−Ji1 +
[
(Ji1 + 2Ii1)2
]1/2}
/2Ii1
= {−Ji1 + Ji1 + 2Ii1} /2Ii1 = 1. 
Proposition 2. f LGi (x) = 0 when x = Qi.
Proof.
f LGi (x) =
{
−Ji1 +
[
J2i1 + 4Ii1 (x− Qi)
]1/2}
/2Ii1
=
{
−Ji1 +
[
J2i2 + 4Ii1 (Qi − Qi)
]1/2}
/2Ii1 (∵ x = Qi)
=
{
−Ji1 +
[
J2i2
]1/2}
/2Ii1 = 0. 
Proposition 3. In Eq. (22), Yi − Zi = Ii2 + Ji2.
Proof.
Ii2 + Ji2 = 1n
n∑
j=1
(
fij − gij
) (
pj − qj
)+ 1
n
n∑
j=1
[
gij
(
pj − qj
)+ qj (fij − gij)]
= 1
n
n∑
j=1
(
fijpj − gijpj − fijqj + gijqj
)+ 1
n
n∑
j=1
(
gijpj − gijqj + qjfij − qjgij
)
= 1
n
n∑
j=1
fijpj − 1n
n∑
j=1
gijpj − 1n
n∑
j=1
fijqj + 1n
n∑
j=1
gijqj + 1n
n∑
j=1
gijpj − 1n
n∑
j=1
gijqj + 1n
n∑
j=1
qjfij − 1n
n∑
j=1
qjgij
= 1
n
n∑
j=1
fijpj − 1n
n∑
j=1
gijqj = Yi − Zi. 
Lemma 2. f RGi (x) = 1 when x = Yi.
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Proof.
f RGi (x) =
{
−Ji2 −
[
J2i2 + 4Ii2 (x− Zi)
]1/2}
/2Ii2
=
{
−Ji2 −
[
J2i2 + 4Ii2 (Yi − Zi)
]1/2}
/2Ii2
=
{
−Ji2 −
[
J2i2 + 4Ii2 (Ii2 + Ji2)
]1/2}
/2Ii2 (Proposition 3)
=
{
−Ji2 −
[
(Ji2 + 2Ii2)2
]1/2}
/2Ii2
=
{
−Ji2 −
[
(−Ji2 − 2Ii2)2
]1/2}
/2Ii2 (∵ Ji2 < 0)
= {−Ji2 − [−Ji2 − 2Ii2]} /2Ii2 = 1. 
Proposition 4. f RGi (x) = 0 when x = Zi.
Proof.
f RGi (x) =
{−Ji2 − [J2i2 + 4Ii2 (x− Zi)1/2]} /2Ii2
=
{
−Ji2 −
[
J2i2 + 4Ii2 (Zi − Zi)
]1/2}
/2Ii2 (∵ x = Zi)
=
{
−Ji2 −
[
J2i2
]1/2}
/2Ii2
= {−Ji2 − (−Ji2)} /2Ii2 (∵ Ji2 < 0)
= 0. 
3.5. Defuzzification
This research applies mean of removals to defuzzify all the final fuzzy evaluation values of alternatives, and the
defuzzification procedure can be clearly presented [27,33]. Consider a fuzzy number A = [a, b, c, d], A ∈ R+. The left
removal of A, denoted by AL, the right removal of A, denoted by AR, and the mean of removals, denoted byM(A) are defined
as:
AL = (b× 1)−
∫ b
a
f LA (x) dx (23)
AR = (c × 1)+
∫ d
c
f RA (x) dx (24)
M (A) = 1
2
(AL + AR) . (25)
3.6. Obtain the ranking values [27,33]
From Eq. (23),
AL = (Yi × 1)−
∫ Yi
Qi
f LGi (x) dx
= Yi −
∫ Yi
Qi
{
−Ji1 +
[
J2i1 + 4Ii1 (x− Qi)
]1/2}
/2Ii1dx
= Yi −
∫ Yi
Qi
{−Ji1
2Ii1
+ [J
2
i1 + 4Ii1x− 4Ii1Qi]1/2
2Ii1
}
dx. (26)
Let [
J2i1 + 4Ii1x− 4Ii1Qi
]1/2 = E
⇒ J2i1 + 4Ii1x− 4Ii1Qi = E2
⇒ 4Ii1dx = 2EdE,
⇒ dx = 2E
4Ii1
dE = E
2Ii1
dE.
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Eq. (26) can then be written as:
AL = Yi + Ji1x2Ii1
∣∣∣∣Yi
Qi
−
∫
E
2Ii1
· E
2Ii1
dE
= Yi + Ji1(Yi − Qi)2Ii1 −
∫
E2(2Ii1)−2dE
= Yi + Ji1(Yi − Qi)2Ii1 −
1
3
E3(2Ii1)−2
∣∣∣∣
= Yi + Ji1(Yi − Qi)2Ii1 −
1
3
[J2i1 + 4Ii1x− 4Ii1Qi]3/2(2Ii1)−2
∣∣∣∣Yi
Qi
(
∵ E = [J2i1 + 4Ii1x− 4Ii1Qi]1/2)
= Yi + Ji1(Yi − Qi)2Ii1 −
{
1
3
[J2i1 + 4Ii1Yi − 4Ii1Qi]3/2(2Ii1)−2 −
1
3
[J2i1 + 4Ii1Qi − 4Ii1Qi]3/2(2Ii1)−2
}
= Yi +
[
Ji1(Yi − Qi)
2Ii1
]
−
{ [J2i1 + 4Ii1(Yi − Qi)]3/2 − [J2i1]3/2
12I2i1
}
= Yi +
[
Ji1 (Yi − Qi)
2Ii1
]
−
{ [J2i1 + 4Ii1 (Yi − Qi)]3/2 − J3i1
12I2i1
}
. (27)
From Eq. (24),
AR = Yi +
∫ Zi
Yi
f RGi (x) dx
= Yi +
{−Ji2 − [J2i2 + 4Ii2 (x− Zi)1/2]} /2Ii2dx
= Yi +
∫ Zi
Yi
{−Ji2
2Ii2
− [J
2
i2 + 4Ii2x− 4Ii2Zi]1/2
2Ii2
}
dx. (28)
Let
[J2i2 + 4Ii2x− 4Ii2Zi]1/2 = F
⇒ J2i2 + 4Ii2x− 4Ii2Zi = F 2
⇒ 4Ii2dx = 2FdF
⇒ dx = F
2Ii2
dF .
Eq. (28) can then be written as:
AR = Yi − Ji2x2Ii2
∣∣∣∣Zi
Yi
−
∫
F
2Ii2
· F
2Ii2
dF
= Yi − Ji2(Zi − Yi)2Ii2 −
∫
F 2(2Ii2)−2dF
= Yi − Ji2(Zi − Yi)2Ii2 −
1
3
F 3(2Ii2)−2
∣∣∣∣
= Yi − Ji2(Zi − Yi)2Ii2 −
1
3
[J2i2 + 4Ii2x− 4Ii2Zi]3/2(2Ii2)−2
∣∣∣∣Zi
Yi
(
∵ F = [J2i2 + 4Ii2x− 4Ii2Zi]1/2
)
= Yi − Ji2(Zi − Yi)2Ii2 −
{
1
3
[J2i2 + 4Ii2Zi − 4Ii2Zi]3/2(2Ii2)−2 −
1
3
[J2i2 + 4Ii2Yi − 4Ii2Zi]3/2(2Ii2)−2
}
= Yi − Ji2(Zi − Yi)2Ii2 −
{
1
12I2i2
[J2i2]3/2 −
1
12I2i2
[J2i2 + 4Ii2(Yi − Zi)]3/2
}
= Yi − Ji2(Zi − Yi)2Ii2 −
{
J3i2 − [J2i2 + 4Ii2(Yi − Zi)]3/2
12I2i2
}
. (29)
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Table 1
Ratings of alternatives versus criteria.
Criteria Alternatives Decision-makers rij
D1 D2 D3 D4
C1 A1 G G VG G (0.650, 0.850, 1.000)
A2 G VG F F (0.500, 0.700, 0.850)
A3 VG G G G (0.650, 0.850, 1.000)
C2 A1 G F VG G (0.575, 0.775, 0.925)
A2 F G VG VG (0.625, 0.825, 0.925)
A3 F F G F (0.375, 0.575, 0.775)
C3 A1 VG G G G (0.650, 0.850, 1.000)
A2 G F VG G (0.575, 0.775, 0.925)
A3 F F G G (0.450, 0.650, 0.850)
C4 A1 F P F F (0.225, 0.425, 0.625)
A2 F F G G (0.450, 0.650, 0.850)
A3 G F G F (0.450, 0.650, 0.850)
C5 A1 (6.000, 7.000, 7.500) (0.480, 0.514, 0.600)
A2 (3.600, 4.000, 4.800) (0.750, 0.900, 1.000)
A3 (4.700, 5.000, 5.600) (0.643, 0.720, 0.766)
Table 2
The importance weights of the criteria and the aggregated weights.
Criteria Decision-makers wj
D1 D2 D3 D4
C1 VH VH H VH (0.650, 0.925, 1.000)
C2 L M M M (0.150, 0.450, 0.725)
C3 L L M M (0.100, 0.400, 0.650)
C4 M H VH VH (0.525, 0.800, 0.950)
C5 H VH VH H (0.600, 0.850, 1.000)
The defuzzification values of all alternatives can be produced by applying Eqs. (27) and (29) to (25) as shown in the following
formula:
M (A) = 1
2
(AL + AR)
= 1
2
{(
Yi +
[
Ji1(Yi − Qi)
2Ii1
]
−
{ [J2i1 + 4Ii1(Yi − Qi)]3/2 − J3i1
12I2i1
})
+
(
Yi −
[
Ji2(Zi − Yi)
2Ii2
]
−
{
J3i2 − [J2i2 + 4Ii2(Yi − Zi)]3/2
12I2i2
})}
= Yi + 6Ii1Ji1(Yi − Qi)− [J
2
i1 + 4Ii1(Yi − Qi)]3/2 + J3i1
24I2i1
+ −6Ii2Ji2(Zi − Yi)+ [J
2
i2 + 4Ii2(Yi − Zi)]3/2 − J3i2
24I2i2
. (30)
4. Numerical example
Suppose a company must select a distribution center to better serve its customers. After preliminary screening, three
alternative locations A1, A2 and A3 are chosen for further evaluation. A committee of four decision-makers D1, D2, D3 and
D4 is formed to conduct the evaluation and selection of the three alternative distribution centers. Further, suppose four
subjective criteria, such as transportation availability (C1), human resource (C2), market potential (C3) and climate condition
(C4), and one objective criterion, such as investment cost in million US$ (C5), are considered.
Moreover, assume that the decision-makers use the linguistic rating set S = {VP, P, F, G, VG}, where VP = Very Poor =
(0, 0, 0.2), P = Poor = (0, 0.2, 0.4), F = Fair = (0.3, 0.5, 0.7),G = Good = (0.6, 0.8, 1), and VG = Very Good =
(0.8, 1, 1), to evaluate the suitability of the alternative distribution centers under each of the subjective criteria. In addition,
the decision-makers employ a linguistic weighting set W = {VL, L, M, H, VH}, where VL = Very Low = (0, 0, 0.3), L =
Low = (0, 0.3, 0.5),M = Medium = (0.2, 0.5, 0.8),H = High = (0.5, 0.7, 1), and VH = Very High = (0.7, 1, 1), to
assess the importance of all the criteria. Further, suppose that the suitability ratings of alternatives versus the four criteria
from the four decision-makers are presented in Table 1 and the investment costs (in million US$) of the three alternatives
are also displayed in Table 1. Furthermore, the importance weights of the five criteria from the four decision-makers are
displayed in Table 2.
By Eq. (6), the aggregated suitability ratings of alternative Ai under criterion Cj from the decision-making committee
can be obtained as shown in Table 1. The normalized investment values of the three alternatives can be produced through
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Table 3
Left and right removals and mean of removals.
AL AR M(A)
A1 0.502 1.736 1.119
A2 0.690 2.152 1.421
A3 0.608 0.912 0.760
Eq. (8), as also displayed in Table 1. By Eq. (9), the aggregated weights of criteria from the decision-making committee can
be obtained as presented in Table 2.
Through Eqs. (10)–(22), the left and right membership functions of each alternative can be developed as follows:
f LG1 (x) =
{−0.194+ [0.038+ 0.208 (x− 0.260)]1/2} /0.104, 0.260 ≤ x ≤ 0.385,
f RG1 (x) =
{
0.307− [0.094+ 0.128(x− 0.660)]1/2} /0.064, 0.385 ≤ x ≤ 0.660;
f LG2 (x) =
{−0.240+ [0.058+ 0.224 (x− 0.384)]1/2} /0.112, 0.384 ≤ x ≤ 0.522,
f RG2 (x) =
{
0.288− [0.083+ 0.096(x− 0.794)]1/2} /0.048, 0.522 ≤ x ≤ 0.794;
f LG3 (x) =
{−0.210+ [0.044+ 0.216 (x− 0.345)]1/2} /0.108, 0.345 ≤ x ≤ 0.474,
f RG3 (x) =
{
0.286− [0.082+ 0.128(x− 0.566)]1/2} /0.064, 0.474 ≤ x ≤ 0.566.
Via Eqs. (23)–(30), the left and right removals, as well as mean of removals of the final fuzzy evaluation value of each
alternative, can be produced as shown in the following table. According to Table 3, the ranking order of the three alternative
distribution centers is A2, A1 and A3 becauseM(A2) > M(A1) > M(A3). Obviously, the best selection is alternative A2.
5. Conclusions
A Riemann integral based mean of removals approach was applied to rank the final fuzzy evaluation values from a fuzzy
multiple criteria decisionmakingmodel, where ratings of alternatives versus subjective criteria and the importanceweights
of all criteria were assessed in linguistic values, represented by triangular fuzzy numbers. A normalization method was
applied to normalize the values under objective criteria. The suggested model clearly developed the membership function
for the final fuzzy evaluation value of each alternative. Moreover, the ranking procedure of the final fuzzy evaluation values
was clearly derived and formulae for defuzzifying fuzzy numbers were definitely presented. A numerical example has
demonstrated the feasibility of the proposed model. The proposed fuzzy MCDM extension model can be applied to solve
many other fuzzy management problems in a multiple criteria environment.
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